Although several types of options on multiple assets are popular in today's financial markets, valuing multi-asset options is still a challenge in finance. The standard framework of multivariate normality is often inappropriate, since it ignores fat tails and other stylized facts of asset returns. The Variance Gamma (VG) model appears to be a promising alternative. In the univariate case, it has become a standard tool in the financial industry. One way to extend the model to the multivariate case is to subordinate a Brownian motion through a univariate subordinator. We study this model in a large-scale application with multi-asset options traded in an active market. Our database consists of 468 multivariate barrier reverse convertibles at the Swiss market for structured products. The Swiss market ranks among the largest in the world and is characterized by an exceptional popularity of multiple asset options. Apart from the empirical analysis of the multivariate VG model, our study aims to contribute to the literature on pricing of structured financial products. The existing studies typically derive fair values from the normal model, which might seriously bias the results on the degree of overpricing. We find that smile-consistent calibration is possible in 277 out of 468 cases in our sample. The estimated multivariate VG processes significantly differ from multivariate Brownian Motion. In particular, the VG model implies a higher probability of strongly negative returns with a final stock price below the barrier. The value difference to the normal model depends primarily on the time-to-maturity and the degree of skewness in the smile patterns. We conclude that non-normality of returns cannot be ignored when valuing multi-asset options, which is important for future studies on the overpricing of exotic structured products.
Introduction
Valuing options on multiple assets is still a challenge in finance (see Leoni and Schoutens (2007) ). Solutions are readily available within the standard framework of multivariate normality, but this ignores heavy tails and other characteristics of empirical return distributions. The normality assumption is too restrictive, especially in cases when the payoff strongly depends on the downside risk of the underlying assets. For instance, one of the most successful types of instruments at the Swiss market for structured financial products is a barrier reverse convertible on multiple assets. It consists of buying a straight bond and at the same time selling a multi-asset put option. Although the product has passed the test of acceptance by the investing public long ago, it is still not clear which valuation model to use and how to consider heavy tails. Most investors in multiple barrier reverse convertibles incurred unexpected losses during the current financial crisis, and there is some evidence that they had underestimated the risk involved in the instruments (see Lindauer and Seiz (2008) , Wallmeier and Diethelm (2009) ). 1 The weaknesses of the standard normal valuation approach have become more obvious than ever during the last two years. 2 In the univariate case, generalized hyperbolic distributions have often been proposed as an alternative to the normal model. 3 They can capture three important characteristics of stock returns, which are non-normality, time-varying volatility and the leverage effect. Since a distribution of this class is infinitely divisible, a corresponding Lévy process always exists (see, e.g., Bibby and Sørensen (2003) ). Lévy processes have generally proven to be a better basis for option valuation than the standard assumption of geometric Brownian motion. 4 A special case of generalized hyperbolic processes is the Variance Gamma (VG) process which was introduced by Madan et al. (1998) , based on earlier work of Madan and Seneta (1990) and Madan and Milne (1991) . In the VG model, Brownian motion is evaluated at a random time change given by a Gamma process. The VG process includes two additional parameters compared to Brownian motion, which together provide control over the skewness and kurtosis of the return distribution. Apart from the Normal Inverse Gaussian (NIG) process (see BarndorffNielsen (1997) , Barndorff-Nielsen (1998) ), the VG process is the only generalized hyperbolic process which is closed under convolution so that the stock price at any point in time is VG distributed (see, e.g., Bibby and Sørensen (2003) ). Therefore, it is a natural candidate for modelling financial returns. Since robust estimation methods are available, it has become a standard model in the financial industry (see Carr et al. (2007) , Carr and Madan (1999) ). 5 The situation is different in the multivariate case. The traditional way to construct a multivariate Lévy process is to subordinate a Brownian motion through a univariate subordinator (see, e.g., Monroe (1978) ). Following this approach, Luciano and Schoutens (2006) propose a common Gamma subordinator and an uncorrelated multidimensional Brownian motion. Cont and Tankov (2004) and Leoni and Schoutens (2007) extend this model by assuming that the Brownian motions are correlated, which allows for uncorrelated asset returns. An important drawback of models with a univariate subordinator is that the achievable range of dependence is limited. For example, asset returns cannot be independent in this approach. To overcome this problem, Luciano and Semeraro (2007) , Semeraro (2008) , and Ballotta (2008) develop Lévy processes with a multivariate subordinator. Yet, although these models offer more flexibility with respect to the VG marginal distribution, they do not necessarily improve modelling of the dependence structure, because they rest on the assumption of independent Brownian motions.
To our knowledge, a comprehensive study on smile-consistent calibration of multivariate Lévy processes for a sample of multi-asset financial instruments traded in an active market has not yet been published. Thus, it is difficult to assess the suitability of these models in standard applications. Our objective is to fill this gap. Our database consists of 468 multivariate barrier reverse convertibles. They are traded at the Swiss market for structured products which ranks among the largest in the world and is characterized by an exceptional popularity of multiple asset options. For the multivariate VG model to be applicable in large-scale applications, robust implementation is an important issue. This is why we focus on multivariate VG processes with univariate subordinators. Apart from the empirical analysis of the multivariate VG model, our study aims to contribute to the literature on pricing of structured financial products. The existing studies typically derive fair values from the multivariate normal model (see, e.g., Hernandez et al. (2007) , Szymanowska et al. (2009) ). However, ignoring fat tails and other characteristics might seriously bias the results on the degree of overpricing.
The remainder of the paper is structured as follows: Section 2 presents the multivariate VG model and illustrates its implications for the smile in option prices. Section 3 uses the VG model for valuing multiple barrier reverse convertibles, and Section 4 contains the empirical study. Section 5 concludes.
Multivariate Variance Gamma Model

Definition
The -dimensional random variable X is said to have a Normal mean-variance mixture distribution if:
where  ≥ 0 is a random variable independent of W, W ∼  (0 I) follows an -dimensional Normal distribution with independent margins, Σ is the ( × )-covariance matrix of the Normal conditional distribution X|  , and  θ are -dimensional parameter vectors. From this
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definition it follows that:
If the mixture variable  follows a Generalized Inverse Gaussian (GIG) distribution, then X is said to have a Generalized Hyperbolic (GH) distribution.
The Gamma distribution is a special case of the GIG distribution. When  is Gamma distributed, which we denote by  ∼( ), with
, we obtain the multivariate Variance Gamma (VG) distribution as a subclass of the GH distribution. 6 Parameter  is the variance rate of the Gamma process. We write: X ∼   (μ θ  Σ). The characteristic function of the VG distribution is given by (see Luciano and Schoutens (2006) ):
and the first two moments are:
It is well known that for every GH distribution a homogeneous Lévy process exists, the value of which follows that specific GH distribution at a fixed point in time. The VG distribution has the particular characteristic that the values of the corresponding Lévy process are VG distributed not only at one fixed point in time but at all time points (convolution property, see Bibby and Sørensen (2003) ).
The VG process is a Lévy process with increments distributed according to the VG distribution. Let X 0 = 0, and let the increment,  + −   , over any time interval of length  have the same distribution as   . The multivariate variance gamma process X = {X    ≥ 0} can then be written as:
where ε is a vector of random normally distributed variables with covariance matrix Σ. Thus, the distribution of X  is:
It follows that:
See, e.g., McNeil et al. (2005) , for the density of the Gamma distribution.
Implications for Option Smile (one underlying asset)
Following Leoni and Schoutens (2007) , we use the mean-adjusting equivalent martingale measure to evaluate options under VG stock price processes. Figure 1 illustrates smile patterns for different parameter sets. They are based on a variance rate of the Gamma process of  = 01 and 025, respectively. Parameter  is chosen from  ∈ {−02 −05}, parameter  from  ∈ {01 02}. In order to illustrate the smile surface, each graph in Figure 1 shows the smile pattern for different times to maturity  , where  ∈ {0125 025 05 10} (in years).
It is important to note that there is no one-to-one correspondence between parameters    and volatility, skewness and kurtosis. The following relationships hold:
This means that the influences of the single parameters on the smile in option prices will be interrelated. Nevertheless, we can highlight some general observations:
It is apparent that the smile or skew pattern is more pronounced for short-dated options and flattens out for longer times to maturity. For  = 1, the pattern is almost linear and very similar across the different parameter sets. The other parameters also have the expected influence. In particular,  strongly influences the asymmetry of the pattern between low and high strike prices. Given this asymmetry, the skew becomes more pronounced with increasing . An increase in  mainly results in an upward shift of the smile pattern. Overall, the graphs clearly show that the typical skew pattern prevailing in stock options can be reproduced with appropriate choices of the Variance Gamma parameters. However, it is important to note that these graphs only illustrate the univariate case. A restriction of our multivariate framework is that  is a common parameter, which means that not all possible combinations of smile patterns are attainable within this framework. We will further analyze this restriction in the empirical study.
3 Valuation of Multiple Barrier Reverse Convertibles (MBRC)
Payoff Profile
The Swiss market for structured financial products ranks among the largest in the world. Its market value represents more than 6% of financial wealth managed in Switzerland. Structured products consist of two or more different components, one of which must be a derivative (see Stoimenov and Wilkens (2005) ). They are issued by banks and may be addressed to private or institutional investors. The products can be traded on an organized exchange or sold directly by their issuing bank, who will quote bid and ask prices. A unique characteristic of the Swiss market is that structured products with "exotic" options are extremely prominent. In particular, barrier reverse convertibles represent more than one third of the market (in terms of the total number of products). The majority of these contain multi-asset options, and are called Multiple Barrier Reverse Convertibles (MBRC). 7 In other countries, an active market only exists for simpler types of reverse convertibles. Thus, the Swiss market offers an exceptional opportunity to study the pricing of multi-asset instruments.
An MBRC is similar to a straight bond in that it offers a coupon which is paid in any case (as long as the bank does not go bankrupt). However, the repayment of an MBRC at maturity is uncertain. It corresponds to the nominal value, if none of the prices of the underlying assets has been equal to or lower than its respective barrier during the time to maturity, or at maturity all asset prices are above their initial values. Otherwise, the holder at maturity receives the underlying asset with the highest relative price reduction during the lifetime of the contract. The number of stocks delivered is set such that their total market value is equal to the nominal contract value in the case of zero return. Thus, the investor's nominal capital is protected as long as none of the barriers is hit (see broken line in Figure 2 ). This holds true even if the stock prices are below strike at maturity. However, as soon as one barrier is triggered, the MBRC turns into a regular reverse convertible on multiple underlying assets (see the unbroken and dotted lines in Figure 2 ).
To summarize, an MBRC is a combination of a straight bond with a written put option. The put is 'exotic' because it is based on more than one underlying asset and includes a downside barrier. The option premium corresponds to the coupon surplus over the risk-adjusted bond yield:
Option premium paid = Present value of coupon payments above bond yields.
In our empirical study, we focus only on the option component and compare the option premium paid in the market to the fair option value according to the VG model.
VG Parameters and MBRC Values
Before analyzing the empirical data, it is of interest to gain insight into the general relationship between VG parameters and fair values of MBRC. To this end, we adopt a simulation approach. We construct a sample of MBRC by randomly drawing product characteristics and parameters of the underlying price processes from a uniform range of admissible 'realistic' values. The upper and lower boundaries of the admissible ranges are chosen as:
where  denotes the time to maturity,  is the barrier and   are pairwise correlations. We assume that there are 3 underlying stocks with initial stock prices of 1 The strkes are equal to the initial stock prices. The parameters   and  are MBRC-specific, while the other parameters are drawn independently for each stock (     ) or pair of stocks (  ). We apply Monte Carlo Simulation (MCS) with 1000 time steps and 500000 simulated price paths to approximate the theoretical In 274 of our 1000 sample cases, the randomly drawn correlations are not attainable within the VG framework, given the other randomly drawn parameters. This means that the respective parameter sets are not consistent with the multivariate VG model. Therefore, we exclude them from the further analysis. Other products have an unrealistically low theoretical value. Typically, the products are sold for a price equal to the nominal value of 1. This means that the coupon and barrier are adjusted so that a selling price of 1 is achievable. As our simulation does not consider coupon payments, the simulated prices correspond to the present value of repayment at maturity. We restrict this to be at least 086 to avoid unrealistically high implicit coupon payments. This gives us a sample of 535 simulated products included in Figure 3 . The scatterplot of theoretical values according to the VG and the Normal (Black-Scholes type) models clearly shows that the VG value is in most cases significantly smaller than the GBM value. On average, we obtain a difference of 116 basis points.
Let ∆ denote the value difference between the two models:
As will be explained in the following, we expect ∆ to increase
• with a higher variance rate of the VG process  (H1),
• a lower barrier  (H2),
• a shorter time to maturity  (H3),
• lower correlation coefficients   (H4), • lower (more strongly negative) skewness   (see Eq. 8) implied in the VG processes (H5),
• and lower variances   of the VG processes (see Eq. 7) for given skewness levels (H6).
The variables   and   measure characteristics of the risk-neutral VG process and can therefore be regarded as a representation of the level and slope of the smile pattern in option prices. We do not include risk-neutral kurtosis, because it is strongly (negatively) correlated with skewness in the cross-section of our sample of simulated MBRC. Hypothesis H1 reflects the fact that the VG process is identical to the Geometric Brownian motion in the limit of  → 0. H2 postulates that the different representations of the tails of the stock return distributions are expected to be more important when the downside barrier is positioned in the tail (low barrier). According to H3, a longer time to maturity should alleviate the difference, because the smile implicit in the VG process is particularly pronounced for a short time to maturity. Low correlation coefficients render the multi-asset characteristic of the product more important, which intensifies the model differences (H4). Skewness is supposed to be particularly relevant, since excess skewness is neglected in the Normal framework (H5). We expect its influence to be larger for low variance levels (H6). Since variance and skewness have a sample correlation below −06, we define skew in relative terms as the ratio of (risk-neutral VG) skewness and variance. Thus, variables   and   are defined as:
The pairwise correlations between the explanatory variables in the cross-section of our sample are generally low with one exception: the variance rate  has a correlation to all three  variables of below 0.5. This is not surprising, given the formula for . Thus, we discard  from the analysis. We estimate the following regression equation:
where  0       11 are regression coefficients and  is an error term. It is apparent from the results in Table 1 that the hypotheses are confirmed on high significance levels. Only the impact of the pairwise correlations is rather small and in only one case statistically significant. Our regression model explains about 63% of the variation of the differences between the VG and Normal valuation.
Coeff. t-value
Sig. Our database consists of all MBRCs with three underlying stocks outstanding at the end of April 2007. We collected the product characteristics from their final termsheets. All products are designed such that the issuing price is equal to the nominal value (of 100). We only consider products with stocks as underlying assets, and require Eurex options on these stocks to be available. In addition, we exclude TBRCs with an initial time to maturity of more than 430 calendar days because trading activity is very low in such long-term Eurex options. Starting with 832 stock-based MBRCs, the time-to-maturity requirement reduces this number by 76, and the Eurex option condition by another 288. Thus, our final database consists of 468 MBRCs.
The five most important issuers are UBS, Clariden Leu, Julius Bär, Goldman Sachs and Credit Suisse (see Table 2 ). The "big five" stocks in the Swiss Market Index (Credit Suisse Group, Nestlé, Novartis, Roche Holding, UBS), plus ABB and Zurich Financial Services, are the most frequently used underlying assets in our final database.
Barriers range from 50% to 85% of the stock prices at issuance (fixing prices). There is a clear preference for round numbers or one percentage point less, for instance 69% and 70%. Some issuers pay the whole coupon at maturity, while others split it into several parts. To make the payments comparable, we discount coupons to the issuance date. The discounted coupons range from 3.3% to 17% of nominal, with an average of 10.4%.
We assume dividend yields and dividend payment dates to be the same as in 2006. Riskfree rates are defined as the 12-month interbank offered rates in the corresponding currency. Credit spreads at the valuation date are assumed to be equal to the premium of credit default swaps on senior debt of the issuer. If this information is not available from Thomson Financial Datastream or Bloomberg, we assume a constant credit spread of 25 basis points which appears to be a realistic estimate for the time period under study.
Based on Eurex settlement data, we calculate implied volatilities for all strike prices and maturities available. To account for the American style of Eurex stock options, we apply the binomial model to determine implied volatilities, i.e., we evaluate an option with different volatility input parameters until convergence to the settlement price is achieved. We then apply a two-step interpolation scheme to match the moneyness and maturity dates of MBRCs and Eurex options. In the first step, following Hafner and Wallmeier (2001), we estimate the smile function for each option maturity based on a cubic regression of implied volatilities on moneyness. In the second step, we linearly interpolate between the implied variances of the smile functions surrounding the maturity date of the MBRCs. We use the at-the-money implied volatility as an estimate of the volatility of log stock returns in the numerical valuation of MBRCs. Since market estimates of correlations are not available, we compute historical correlations of daily log returns over the last year.
Issuer
Product 
Smile-consistent Calibration
We apply the method proposed by Leoni and Schoutens (2007) to calibrate the multivariate VG model. The approach uses two types of input data: (1) the estimated marginal risk-neutral distributions of the underlying stock returns as represented in the strike price profiles of implied volatilities, and (2) the estimated pairwise correlations of stock returns.
In the first step of the procedure, the data of type (1) are used to find the optimal set of parameters (      ) for  = 1 2 3. Since  is the only common parameter, for given , the calibration can be carried out separately for each stock. Thus, we can employ the standard Carr-Madan optimization method with root mean squared error (RMSE) of implied volatilities as error criterion. We then calculate the average RMSE from the three underlying stocks as a global error measure. The procedure is repeated for various  values to find the parameter set with the minimal global error.
In the second step, the correlations of the Brownian motions in the VG process are fixed such that the asset correlations are equal to historical correlations (input data of type (2)). In the VG model, both the correlations of Brownian motions and the joint dependence on  (with stock specific sensitivities ) contribute to the stock return correlations. To formalize this, let the vector of stock return volatilities be defined as
3) are stock return variances. We use volatilities to transform the correlation matrix of stock returns (input data) to the corresponding covariance matrix Ψ  = σ  σ 0  ⊗ C  where ⊗ denotes element-wise multiplication. Then, the correlation matrix of Brownian motions in the multivariate VG model is given by:
The resulting parameter set is used to simulate stock price processes and to evaluate MBRC using Monte Carlo Simulation.
The calibration method we use is subject to two main weaknesses (see Embrechts et al. (2002) ). First, the multivariate distribution is not uniquely determined by the marginal distributions and the pairwise correlations. In particular, our choice of the VG model imposes a structure on the multivariate distribution that is not necessarily compatible with the data even if the marginal distributions and the pairwise correlations are perfectly matched. Second, for given marginal distributions, the estimated stock return correlations are not always attainable. In Eq. (10), all elements of C  must lie in the interval [−1; 1]. Otherwise, the estimated parameters of the VG process are not consistent with the estimated asset correlations.
In spite of these weaknesses, the approach is appealing due to the following characteristics. First, it uses option market prices to obtain estimates of the marginal distributions. In many cases, this will provide more accurate results than estimations based on historical data. Second, previous research has shown that the VG model captures important characteristics of stock returns in the univariate case (see Madan et al. (1998) ). Therefore, it is a promising candidate for a multivariate extension. Third, the calibration is rather simple due to the fact that   and   are the only firm-specific parameters to be estimated, while  is a common parameter. In addition, the optimal combination of parameters (        ) is determined in the first step without considering the desired covariance. In the second step, the correlations of Brownian motions are fixed so that they are in accordance with the given correlations of stock returns. To efficiently implement the calibrations, financial institutions could build up a database of smile characteristics for a wide range of parameters (    ). When such a database is available, the best fitting, smile-consistent set (      ) can be found by a grid search among the stored smile profiles. Therefore, the calibration procedure can be implemented very efficiently. Taken together, one strength of the method is that it has a chance of widespread application if it turns out to be a significant improvement over the multivariate normal model.
Empirical Results
In 191 out of 468 cases, the correlation of asset returns as estimated from historical data could not be achieved with the optimized VG parameters. We exclude these MBRC from our sample.
The following results refer to the remaining sample of 277 MBRC. Descriptive statistics of the estimated parameters are given in Table 3 . The average  parameter is 0.21, the  parameters are clearly positive with mean values of about 0.23 and standard deviations of about 0.05. The negative theta coefficients indicate the prevailing skew in option implied volatilities. The historical correlations (  ) of stock returns are all positive and vary between 0.07 and 0.78 with an average of approximately 0.45. Overall, these estimates are in line with expectations and previous research (see Leoni and Schoutens (2007) ). Figure 4 illustrates the typical distribution of log stock prices at maturity according to the VG and the GBM model, where the VG parameters are equal to the mean values in Table 3 . Clearly, the VG model captures the stylized fact of leptokurtosis of stock returns, and in particular implies a fatter tail on the left. Brownian Motion (GBM) model, we ensure that implied volatilities of single stock ATM options are equal in both models for all three underlying stocks. Since the time to maturity of the MBRC in our sample is one year, the put value (VGPut vs. GBMPut) can be interpreted as the present value of the annual coupon surplus that is necessary to compensate investors for selling the embedded put. This compensation varies between 3% and 23% with a mean of about 14% and a standard deviation of about 3%. Thus, the put value is substantial in most cases, allowing banks to offer high coupons. On average, the put value according to the VG model is only slightly higher than the GBM based value. The mean value difference of 37 basis points is statistically significant with a -value of 0003700073 · √ 277 = 844, but is small in economic terms given the typical overpricing of such products of about 3 to 6%. The scatterplot of model values in Figure 5 (upper left graph) and the histogram of value differences (upper right graph) confirm that the option values generated by the two models are closely related. In all, these results seem to be in contrast to our simulation in Section 3.2 which demonstrated considerable differences between the models. In addition, it seems to be counter-intuitive that the fatter tails of the VG distribution apparently do not translate into higher downside risk.
To explain the empirical results, we decompose the put option value into two components. Part 1 is the put value when only considering cases where the minimal terminal stock price is below the barrier. Part 2 is the put value when only considering cases where the barrier has been broken and the minimal terminal stock price lies between the barrier and the strike price. As can be seen from Table 4 , Part 1 is typically far more important than Part 2 (mean value of about 12% compared to about 2%). Interestingly, the evaluation of both parts strongly differs between the two models. The VG model provides a significantly higher Part 1-value than GBM, while the GBM model results in significantly higher Part 2-values compared to VG (see Table 4 and the lower scatterplots in Figure 5 ). Thus, consistent with our expectation, the risk of extremely low stock prices (below the barrier at maturity) is higher in the VG model. However, the VG process generates fewer cases in which a partial recovery occurs after having hit the barrier. These differences between the models are also apparent from the probability distribution of the (risk-neutral) minimal log stock price at maturity. Figure 5 shows simulated distributions based on the mean parameter values of Table 4 . In contrast to the GBM-based distribution, the VGbased distribution exhibits negative skewness and higher excess kurtosis, which partly explains the different valuation results for the two option components.
Min
Max Mean Std.Dev. So far, our comparison was based on MBRC with a time to maturity of 1 year. We now reevaluate the options based on the same parameters of the stock return processes, but assuming different times to maturity. The initial stock prices are kept at the same level as before. The first two data columns of Table 5 show average put values for the 277 MBRC of our empirical sample for ficticious times to maturity of 0.05 to 1 year. Clearly, the put values decrease with decreasing time to maturity, but the changes are not the same for both models. The value difference tends to increase with decreasing time to maturity in absolute terms, and even more so in relative terms as a percentage of the GBM value (see Table 5 ). For example, for  = 1, the put value obtained from the VG model is 260% higher than the corresponding GBM value, while the surplus increases to 1659% for  = 05 and to almost 100% for  = 025. These differences are statistically significant and economically important. The strong influence of the time to maturity also explains why the differences between the models were more pronounced in our simulation than in the empirical study. The reason is that the simulation included options with a remaining lifetime between 0.1 and 1 year, while the MBRC had a time to maturity of 1 year.
Conclusion
Several types of options involving more than one asset are popular in today's financial markets, including rainbow and basket options. In the Swiss market for structured products, one of the most successful instruments is a reverse convertible on multiple underlying stocks (MBRC). It can be regarded as a combination of buying a straight bond and selling a multi-asset put option. Due to the "worst of"-characteristic of the put, the major risk for the holder of an MBRC is a significant downside movement of one of the underlying assets. In valuing the product, it is important to take heavy tails and other stylized facts of asset returns into account. However, modelling financial risk in a multi-asset framework is still a challenge. This explains why the Table 5 : average put values for 277 MBRC times to maturity of 0.05 to 1 year literature on (over-)pricing of structured products typically applies the Black-Scholes framework of log-normal distributions.
A promising candidate for an alternative modelling and valuation framework is the Variance Gamma (VG) model of Madan et al. (1998) . In the univariate case, it is well known to be more in line with observed asset returns and option market prices than the Black-Scholes model. Leoni and Schoutens (2007) propose a multivariate extension of the VG model as well as an estimation method which provides smile-consistent estimates. We apply this model to a comprehensive sample of MBRC in Switzerland. Our first objective is to evaluate strengths and weaknesses of the model in a large-scale empirical application. The second main objective is to contribute to the literature on the pricing of structured financial products by going beyond the standard normal model in considering some important stylized facts of asset returns.
As expected, the VG model is flexible enough to reproduce a wide range of observed smile patterns. For typical parameters, the stock return distribution obtained with the VG process strongly differs from that obtained with geometric Brownian motion. Simulations reveal that the consequences for option values are important. The value difference between the models depends on the time to maturity and the degree of skewness in the smile patterns, among other factors.
In the empirical analysis, it is crucial to accurately model the relationship between the asset movements. Following Leoni and Schoutens (2007) , we first optimize the VG parameters to reflect the smiles in option prices. In the second step, we fix the correlations of the Brownian motions in the VG process such that asset return correlations are equal to historical estimates. Correspondence is achieved in 277 out of 468 cases, to which we restrict our further analysis.
In the other cases, a different, presumably more sophisticated multivariate model is needed to capture the smile patterns in combination with the observed correlation structure.
At issuance, the fair values of our 277 MBRC are significantly higher according to the VG model than the normal model. Economic significance, however, is rather small, given a mean difference of 37 basis points. We show that the results are driven by two opposite effects: on the one hand, the VG model implies a higher probability of strongly negative returns with a final stock price below the barrier; on the other hand, there is a smaller probability of a partial recovery after hitting the barrier. A general statement on the net effect on option valuation is not possible -the model difference will clearly depend on the option characteristics. In the case of MBRC, the time to maturity plays an important role. Near maturity, the normal model sharply underestimates the MBRC put option value.
In all, we conclude that the multivariate VG model is a promising and appealing alternative to the standard normal model. It allows capturing the smile in option prices and fat tails in asset returns within a relatively simple framework. Non-normality of returns cannot be ignored when valuing multi-asset options, and it is impossible to make general statements on the impact on option values. Thus, future studies on the overpricing of exotic structured financial products, for instance, should go beyond the normal valuation model, possibly along the lines of the multivariate VG model.
